In a Hamiltonian approach to anomalies parity and time reversal symmetries can be restored by introducing suitable impure (or mixed) states. However, the expectation values of observables such as the Hamiltonian diverges in such impure states. Here we show that such divergent expectation values can be treated within a renormalization group framework, leading to a set of β-functions in the moduli space of the operators representing the observables. This leads to well defined expectation values of the Hamiltonian in a phase where the impure state restores the P and T symmetry. We also show that this RG procedure leads to a mass gap in the spectrum. Such a framework may be relevant for long wavelength descriptions of condensed matter systems such as the quantum spin Hall effect.
In a Hamiltonian approach to anomalies parity and time reversal symmetries can be restored by introducing suitable impure (or mixed) states. However, the expectation values of observables such as the Hamiltonian diverges in such impure states. Here we show that such divergent expectation values can be treated within a renormalization group framework, leading to a set of β-functions in the moduli space of the operators representing the observables. This leads to well defined expectation values of the Hamiltonian in a phase where the impure state restores the P and T symmetry. We also show that this RG procedure leads to a mass gap in the spectrum. Such a framework may be relevant for long wavelength descriptions of condensed matter systems such as the quantum spin Hall effect.
Anomalies occur when a classical symmetry is broken due to quantization [1] . In quantum field theories, they were first discovered within the perturbative approach [2] [3] [4] . It was soon realized that anomalies are intrinsically non-perturbative in nature [5, 6] , characterized by geometric and topological structures of the theory [7] . This point of view has led to a much wider realization of anomalies in diverse areas including particle physics [8] , black holes [9, 10] and important condensed matter systems such as quantum Hall systems and the associated edge states [11] [12] [13] [14] [15] .
One way to understand anomalies involves the study of unbounded operators [16] in quantum theories such as the momentum and the Hamiltonian. The complete definition of such unbounded operators requires the specification of appropriate boundary conditions or equivalently their domains so that they become self-adjoint operators. A symmetry can be implemented in the quantum theory if the corresponding generators leave the domain of the Hamiltonian invariant and then if they commute with the Hamiltonian. Sometimes a symmetry generator does not preserve the domain of the Hamiltonian. In this case, the symmetry is broken due to quantization being thus anomalous. This approach to anomalies [17] [18] [19] is very general and it allows its study in a large class of quantum systems such as molecular physics [20, 21] , condensed matter systems [22] , integrable models [23] [24] [25] and black hole physics [20, 26, 27] . This approach can also be adapted to quantum field theories [28] , where the mode expansion encodes the information about the appropriate boundary conditions.
In recent papers [28, 29] , it has been shown that while a system might admit an anomaly when in a pure state, it is possible to restore the anomalous symmetry when the system is in a suitable impure ( [18, 30] . The corresponding beta function provides a flow in the moduli space of the operators and the choice of the associated impure state depends on the energy scale of the problem. Therefore, the RG flow removes the divergence and even more interestingly it makes the quantum theory scale dependent. Physically it says that if we demand anomalous symmetry restoration, then the appropriate boundary conditions depend on the energy scale at which the system is being probed. To our knowledge this is the first attempt that divergences arising from such impure states are analysed using non-perturbative RG techniques.
We will present these ideas below in the problem of a particle on a circle and its anomalous parity P and time-reversal T symmetries. We first recall how impure states with a non-trivial von Neumann or entanglement entropy can be used to restore such anomalous symmetries. Then we discuss how to obtain expectation values of the observables such as the Hamiltonian in the impure state making explicit the appearance of divergences. We then show how the application of RG techniques lead to finite answer for the expectation values of observables in the impure state. We next provide general arguments to the emergence of such impure states restoring anomalous symmetries. Finally we discuss how this approach can be applied to system with gapped bulk and edge states that are modelled by quantum states of a particle on a circle. The Hamiltonian for a particle on a circle of radius R is given by
, with θ ∈ [0, 2π). The parameter θ may be associated to the magnetic flux through the circle. In simpler terms, this parameter labels the allowed family of boundary conditions for which the Hamiltonian H is self-adjoint. The dimension of the Hamiltonian is [length] −1 . For a fixed domain D θ , the eigenvalues and eigenfunctions of H are given by
with n ∈ Z.
The action of parity P on the wave-function is given
. The parity operator therefore changes the boundary condition of the Hamiltonian. Thus, if θ = 0, π, parity is broken due to quantization being thus anomalous [28] . Also, since time-reversal T is a anti-unitary transformation, then for θ = 0, π it also changes the domain of the Hamiltonian, [P ψ θ ](ϕ) = ψ −θ (ϕ), being therefore anomalous. The eigenstates of (H, D θ ) are pure states. They are mapped to the domain D −θ by parity P and time reversal T . In [28] , it was proposed that if the system is in a phase described by the impure state of the form
then parity P and time-reversal T are no longer anomalous. Indeed, parity P and time reversal T leave the impure state ρ invariant. Indeed, under these operations θ → −θ, but since the impure state ρ is obtained by averaging over these values of θ, it is invariant under P or T .
Eigenstates of the self-adjoint operator H form a basis in the Hilbert space. Therefore we may expand any state in an arbitrary domain in terms of the eigenstates in the original domain of the Hamiltonian. Let ψ θ,n be an eigenstate of H belonging to the domain D θ . Then χ θ,n = P ψ θ,n ∈ D −θ , with θ = 0, π. We may then expand χ θ,n in terms of the eigenstates {ψ θ,k } ⊂ D θ as
where
The expectation value of H ≡ (H, D θ ) in the impure state (3) associated to the n-th energy level, that is,
The second term in the RHS of (5) diverges in the UV region, that is, when k → ∞. To see this, we first convert
We then use (6) together with (2), to get
where we have introduced a UV cut-off K. We observe that the first term in the RHS is linearly divergent while the remaining terms vanish as K → ∞. Therefore (8) becomes effectively
The expectation value of the Hamiltonian is thus
Observe that the second term on the RHS of (10), which is divergent, does not depend on the level n. Indeed, the UV divergence occurs solely due to the projection of a state in the domain D −θ in terms of the domain D θ . Thus even though the impure state removes the P and T anomaly, expectation values of the observables such as the energy calculated in the impure state appear to diverge. This is the reason why until now no meaningful result has been obtained using a impure state formed out of states belonging to different domains of a self-adjoint operator.
We now show that it is indeed possible to control the divergence using RG techniques leading to finite expectation values of the observables in the impure state.
We observe first that the expectation value of the Hamiltonian in (10) depends on the self-adjoint parameter θ, the ultraviolet cut-off K and the radius of the circle R. From (10), we observe that the fixed n-th level energy E n = H n diverges as K → ∞ or R → 0, or both. We next consider two of these cases separately.
R fixed while K → ∞: This situation corresponds to the particle on a circle of fixed radius R. In this case, as the UV cut-off is removed, that is, K → ∞, the expectation value of the Hamiltonian in the impure state constructed out of the level n = 0, given by
clearly diverges. In any physical system we must have a finite expectation value of the Hamiltonian in the ground state. In order to achieve that we now propose a RG flow in the parameter θ. Therefore we promote the selfadjoint parameter θ to a function of the ultraviolet cut-off K. We then demand that as K → ∞, the expectation value of the Hamiltonian in the ground state becomes independent of the cut-off [18, 30] . This leads to the condition
We find from (11) that the corresponding β-function is
For small θ, such that sin 2θ/2θ → 1 and cos 2θ → 1−2θ 2 , this equation can be integrated to give
with C a constant of integration. The constant C is not predicted by the theory but must be obtained empirically. For example, if the value of the self-adjoint extension parameter θ can be measured to have the value θ 0 at a given scale K = K 0 , then C = √ 4K 0 θ 0 . The above RG flow, for small values of θ, renders the expectation value of the Hamiltonian in the impure state comprising of the n = 0 level finite, as the UV cut-off K is taken to infinity while R is fixed. Indeed, substituting (14) into (12), then taking the limit K → ∞, we obtain
Under this RG flow, the ratio of the expectation values of the Hamiltonian in the excited state to that in the ground state also remains finite, that is,
In our approach, the expectation value of the Hamiltonian in the ground state is traded in favour of the RG flow given by the β-function and the expectation values in the excited states are measured in terms of that in the ground state energy. R → 0 and K → ∞: Let us now consider the double limit K → ∞ and R → 0 at the same time. The first limit, namely K → ∞ is natural, since it was introduced as a regulator and the physical quantities should finally be independent of such regulators. The limit R → ∞ stands in a different footing. Indeed, the problem of a particle on a circle does not require this limit and for that problem, we are free to choose any fixed value of R.
We can nevertheless study a different physical problem. For example, consider an infinitesimally thin topological defect such as a flux tube, carrying magnetic flux passing perpendicular to a plane. In order to study dynamics of particles at the edge of this defect, we first regularize the problem, by considering a flux tube of finite radius R. We study the dynamics in the region beyond the radius R and finally take the limit R → 0. For this problem, the radius R serves now also as a regulator and as such we need to remove it at the end of the analysis. Observe however that in real system no defect is infinitely thin but has a finite radius depending on the scale at which it is being probed. We now see that a suitable RG flow with respect to the quantity R allows us to study this situation.
In this case, the expectation value of the Hamiltonian in the impure state constructed from n = 0 level states, which is given by (11), now diverges as both R → 0 and K → ∞. In the same spirit as before, we can now consider the self-adjoint extension parameter θ as a function of both K and R, that is, θ ≡ θ(K, R) and demand that
We again assume that θ is small and also that it can be factorized as θ(K, R) = θ 1 (K) θ 2 (R). This gives the corresponding β-functions
which can be integrated to
As before the constants C 1 and C 2 have to be determined empirically. If at a given K = K 0 and R = R 0 , we
These flows of the self-adjoint extension parameter, in the limit of K → ∞ and R → 0, render H 0 finite, that is,
The ratio of the expectation values of the Hamiltonian in the excited state to that in the ground state is given by
We observe that at any value R, the system is gapped and the gap increases as R → 0. This may be physically interpreted as follows. Suppose there exists a topological defect such as a vertex operator or a flux tube passing perpendicular to a plane. Suppose further that we aim at analyse the dynamics of parity P and time-reversal T invariant excitations at the boundary of these defects. Insistence on these symmetries leads us to the use of impure states. Naively the energies associated to such impure states would be infinite as the UV cut-off K is removed. Our renormalization procedure gives a completely welldefined answer to this problem when K → ∞. Now, in addition we may analyse also the nature of the such excitations as the radius of the topological defect changes, that is, it is governed by the RG flow associated to the radius R. For any radius R, these "edge" excitations are gapped and the gap increases as R → 0.
The need for impure states to restore anomalous symmetries may be seen to arise from a different perspective [31] , which is intimately related to the emergence of entanglement or von Neumann entropy due to partial observations.
The quantum observables of the particle on a circle form an algebra A generated by operators exp (ip ϕφ ) and exp (iϕp ϕ ). A state ω on this algebra is a nonnegative linear functional compatible with adjoint conjugation and normalizable to 1. For any observable O ∈ A, one may associate the expectation value ω(O) ≡ O ρ = Tr ρO, where ρ is some density matrix.
Under time-reversal T (or parity P ), the algebra A may be written as A + ⊕ A − , where A ± = {a ∈ A, T aT = ±a}. The subalgebra of T -even observables is A even = A + ⊕ CP − , where P − is an orthonormal projector (P 2 − = P − ) to A − such that 1 = P + + P − and C denotes complex numbers.
Consider a state ω θ such that under T it becomes ω −θ , that is, the associated density matrix ρ θ satisfies T ρ θ T = ρ −θ . Then the restriction of such state to the subalgebra of T -even observables A even is equivalent to considering the impure state ω = ω θ + ω −θ on the algebra A.
The Hamiltonian (1) is only formally T -and Pinvariant. As we have seen before, a quasi-periodic boundary condition defining the domain of H breaks these symmetries. Therefore the self-adjoint Hamiltonian H is neither T -or P -even nor T -or P -odd. Nevertheless, H being an observable in A may be decomposed as an Teven and T -odd components, that is, H = H even + H odd . To see this, note that
The even and odd components of this Hamiltonian are
Under T -even partial observations, only the first component H even gives a non-zero contribution. Thus, the expectation value of this Hamiltonian under a T -even state gives
Therefore, from ρ constructed out of a n-level eigenstate of p 2 ϕ leads to
This equation is equivalent to equation (10) a part from a θ/2π-translation in n, that is, n → n + θ/2π. The mechanism of anomaly restoration discussed in this work may have applications to time-reversal and/or parity invariant edge states. Edge states appear in condensed matter systems with boundaries where the bulk is gapped. There is an intimate relationship between anomalies and edge states. The quantum Hall effect [22] is a well known example of this relationship, where the T symmetry is broken. A natural question is whether similar anomaly/edge states relationship can be realized in systems with T and/or P invariant edge states. For instance, quantum spin Hall (QSH) samples [32] are in the universality class of systems with gapped bulk and T invariant edge states. The quantum states of a particle on a circle may serve to model certain classes of edge states in such systems. In particular, the partial observation of T -even observables would induce the emergence of T even impure states in the edge. The associated entanglement entropy would provide evidence for the mixed state. Such partial observations may be a result of externally choices of what one is attempting to measure in such samples. Nevertheless, it may also be argued that some couplings among the microscopic degrees of freedom may naturally reproduce such partial observations. Examples of such couplings seem to be the spin-orbit couplings [32] or coupling leading to instanton-like terms in the effective Hamiltonian [33] .
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